We establish the local and global Poincaré inequalities with the Radon measure for the solutions to the nonlinear elliptic partial differential equation for differential forms.
Introduction
The Poincaré inequalities have been playing an important role in analysis and related fields during the past several decades. The study and applications of Poincaré inequalities are now ubiquitous in different areas, including PDEs and potential analysis. Some versions of the Poincaré inequality with different conditions for various families of functions or differential forms have been developed in recent years. For example, in 1989, Susan G. Staples in [1] [1] , see [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] for more versions of the Poincaré inequality. However, most of these inequalities are developed with the Lebesgue measure. In this paper, we will establish the Poincaré inequalities with a more general measure, the Radon measure µ(x) which is induced by dµ = g(x)dx, where g(x) may be an unbounded function. For example, it is allowed that g(x) contains a singular factor 1 |x−x 0 | α , here α > 0 is a constant and x 0 is some fixed point in the integral domain. We are interested in the singular factor case because it is very often that we have to deal with the singular factor in applications, such as in the estimation of the Cauchy operator. We assume that M is a domain in R n , n ≥ 2, B and σ B are the balls with the same center and diam(σ B) = σ diam(B), σ > 0. We do not distinguish the balls from cubes, throughout this paper. We use |E| to denote the Lebesgue measure of the set E ⊂ R n . Differential forms are extensions of functions in R n . For example, the function u(
. . , n − 1, and define the Hodge star operator : 
(1.1)
We consider here the solutions to the nonlinear partial differential equation
which is called nonhomogeneous A-harmonic equation, where Let D ⊂ R n be a bounded and convex domain. The linear operator K y :
was first introduced in [16] , and then it was generalized to the following version in [17] . For any y ∈ D, there exists a linear operator 
Hence, the definition of the homotopy operator T can be extended to any domain Ω in R n : For any x ∈ Ω, x ∈ Q k for some k. Let T Q k be the homotopy operator defined on Q k (each cube is bounded and convex). Thus, we can define the homotopy operator T Ω on any domain
where C is a constant, independent of u, and l = 1, 2, . . . , n, 1 < s < ∞.
Local inequalities
We first introduce the following lemmas that will be used to prove the local Poincaré inequality with the Radon measure. 
Lemma 2.1 ([8]). Let u be a differential form satisfying the nonhomogeneous
for any E ⊂ R n .
Now, we prove the following local Poincaré inequality with the Radon measure which will be used to establish the global inequality in the next section. 
Proof. Assume that ε ∈ (0, 1) is small enough so that εn < α − λ and B ⊂ M is any ball with center x B and radius r B . Also, let δ > 0 be small enough,
, where d is the exterior differential operator and T is the homotopy operator. From (1.4),
. By the Hölder inequality, (2.3) and (2.4), we obtain
We may suppose that x B = 0. Otherwise, we can move the center to the origin by a simple transformation. Thus, for any x ∈ B, |x − x B | ≥ |x| − |x B | = |x|. Using the polar coordinate substitution, we find that
where σ > 1 is a constant. Using the Hölder inequality again, we obtain 
Substituting (2.12) into (2.11) and using (2.2) and the fact that diam(B) = C 1 |B| 1/n for some constant C 1 > 0, we have
Using the same method as we developed in the proof of Theorem 2.3, we have
(2.14)
Combining (2.13) and (2.14) and noticing that M is bounded and B ⊂ M, we find that
where σ = max{σ 1 , σ 2 }. Hence, we obtain the following Sobolev-Poincaré imbedding inequality with the Radon measure. 
Global inequalities
In this section, we will prove the global Poincaré inequalities with the Radon measures. We first introduce the definition of John domains and the Covering Lemma. 
, and 1 < s < ∞. Then, there exists a constant C , independent of u, such that
where the Radon measures µ and ν are induced by dµ = g(x)dx and Proof. We may assume g(x) ≥ 1 a.e. Otherwise, let
Also, we choose the constant
, and G(x) satisfies all conditions required for g(x), particularly, 0
and
with G(x) ≥ 1. Hence, we may suppose that g(x) ≥ 1 a.e. and have Since Ω = ∪Q i , for any x ∈ Ω, it follows that x ∈ Q i for some i. It is easy to check that all conditions in Theorem 2.3 are satisfied. Applying Theorem 2.3 to Q i , we obtain
where σ > 1 is a constant. Using the elementary inequality (a
for a fixed Q 0 ⊂ Ω. The first sum in (3.5) can be estimated by using Theorem 2.3 and the Covering Lemma
We use the properties of δ-John domain to estimate the second sum in (3.5) . Fix a cube Q m ∈ V and let Q 0 , Q 1 , . . . , Q k = Q m be the chain in Lemma 3.2.
The chain {Q i } also has property that, for each i, 
Since Q m ⊂ ρQ j for j = i, i + 1, 0 ≤ i ≤ k − 1, and γ s − 1 > 0 when λ < α < min{n, s + λ + n(s − 1)}, using (3.9) we find that
Taking the sth root both sides in (3.10), and using (a + b) 
for every x ∈ R n . Raising both sides of inequality (3.11) to s powers, and then integrating over R n both sides, we have
Notice that Substituting (3.6) and (3.13) in (3.5), we obtain (3.1). The proof of Theorem 3.3 has been completed.
Similarly, choose g(x) = 
